There are very few systems of interacting particles (with continuous variables) for which the entanglement of the concomitant eigenfunctions can be computed in an exact, analytical way. Here we present analytical calculations of the amount of entanglement exhibited by s-states of spherium. This is a system of two particles (electrons) interacting via a Coulomb potential and confined to a (d − 1)-sphere (that is, to the surface of a d-dimensional ball). We investigate the dependence of entanglement on the radius R of the system, on the spatial dimensionality d, and on energy. We find that entanglement increases monotonically with R, decreases with d, and also tends to increase with the energy of the eigenstates. These trends are discussed and compared with those observed in other two-electron atomic-like models where entanglement has been investigated. 03.67.Mn 
I. INTRODUCTION
It has been recently shown by Loos and Gill [1, 2] that "spherium", a system consisting of two electrons trapped on the surface of a sphere and interacting through a Coulomb potential, belongs to the family of quasi-exactly solvable quantum mechanical models. These are models whose Schrödinger eigenvalue equation admits an explicit analytical solution for a finite portion of the energy spectrum. This kind of models are of considerable interest both for illuminating the properties of more complex or realistic systems and for testing and developing approximate treatments, such as those related to density functional theory. Indeed, spherium has found interesting applications in the study of correlated quantum systems (see [1] and references therein). Spherium is related to another widely studied semi-solvable two-body model, the Hooke atom, which consists of a pair of electrons repelling Coulombically and confined by a harmonic external potential (this system has direct experimental relevance as a model of a two-electron quantum dot with parabolic confinement). Here we are going to consider a (d − 1)-dimensional version of spherium, where the two electrons are trapped on a (d − 1)-sphere of radius R. By a (d − 1)-sphere we mean the surface of a d-dimensional ball.
Exactly solvable and semi-solvable systems provide a valuable arena for the exploration of the entanglement properties of quantum systems of interacting particles. In particular, they provide useful insights for illuminating the entanglement-related features of natural and artificial atomic systems. Unfortunately, there are few such systems where entanglement measures can be evaluated analytically. In point of fact, to the best of our knowledge, the only system of two interacting particles with continuous variables where entanglement has been calculated in an exact analytical way is the Moshinsky model [3, 4] . Even for the Hooke atom, entanglement calculations are based upon the numerical evaluation of rather complex multi-dimensional integrals [5] .
In the present contribution we show that spherium is a highly exceptional model, where the amount of entanglement exhibited by some of its eigenstates can be determined in an exact and fully analytical way. As far as we know, spherium is the only two-body system with Coulomb interaction where this goal has been achieved.
Entanglement is nowadays regarded as one of the most fundamental phenomena in Quantum Physics [6] [7] [8] . Entangled states of multipartite quantum systems are endowed with non-classical correlations that give rise to a variegated family of physical phenomena of both fundamental and technological significance. Quantum entanglement can be viewed in two complementary ways. On the one hand, entanglement constitutes a valuable resource. The controlled manipulation of entangled states is central to several quantum information technologies. On the other hand, entanglement can be regarded as a fundamental ingredient for the physical characterization of natural quantum systems such as, for instance, atoms and molecules. These two points of view are closely related to each other, although the latter is somehow less developed than the former. Concerning the second of the approaches mentioned above, several researchers have investigated in recent years the phenomenon of entanglement in two-electron atomic models and related systems [3] [4] [5] . Most works dealing with entanglement in two-electron systems have been restricted to the associated ground state wavefunctions. However, the entanglement properties of excited states of two-electron atomic models have also been investigated [3, 5] . The most detailed results concerning the entanglement of excited states have been obtained from analytical investigations of exactly soluble models, in particular the Moshinsky one [3] .
The main entanglement-related features exhibited by these models share some common trends. First, one observes that entanglement increases with the strength of the interaction between the particles. Alternatively, for a constant interaction strength, entanglement decreases with the strength of the confining potential (this behaviour has also been verified in numerical studies of entanglement in Helium-like atoms with increasing nuclear charge). These effects are clearly two sides of the same coin, and can usually be described jointly in terms of the dependence of entanglement on an appropriate dimensionless parameter corresponding to the relative strengths of the interaction and the confining potentials. In the case of atomic-like models with an external harmonic confining potential, such as the Moshinsky and the Hooke ones, it is also observed that entanglement tends to increase with energy. This last property hold for the majority of states. However there are a few entanglement "level-crossings" where a state has more entanglement than another state of higher energy [3] . Aside from these rare exceptions, the general monotonically increasing behaviour of entanglement with energy has been observed in harmonically confined models endowed with different types of particle interaction (i.e., harmonic interaction in the Moshinsky system, Coulomb interaction in the Hooke atom; and a r −2 -interaction potential in the Crandall model). Another trend exhibited by two-electron models with harmonic confinement (which also holds for different interaction laws between the constituent particles) is that the amount of entanglement associated with excited states does not always vanish in the limit of a vanishing interaction [22] .
The goal of the present paper is to calculate analytically the amount of entanglement of the ground state of (d − 1)-spherium. The paper is organized as follows. In Section II, we briefly review the concept of entanglement in systems consisting of identical fermions. In Section III, we show the technical details of the calculations performed in this work. In Section IV, we describe our main results. Finally, some conclusions are drawn in Section V.
II. ENTANGLEMENT IN SYSTEMS OF IDENTICAL FERMIONS
There is a natural and physically meaningful measure of entanglement for pure states of systems consisting of two identical fermions. It is based on the Schmidt decomposition for fermions [31, 32] , which reads
where {|i , i = 0, 1, . . .} is an appropriate orthonormal basis of the single-particle Hilbert space, and 0 ≤ λ i ≤ 1 with i λ i = 1. The entanglement of the pure state |Ψ can then be expressed in terms of the above fermionic Schmidt coefficients, as
where ρ 1 = T r 2 |Ψ Ψ| is the single-particle reduced density matrix obtained from the global, two-particle density matrix ρ = |Ψ Ψ|. The Schmidt coefficients λ i are the eigenvalues (each one two-fold degenerate) of ρ 1 . The entanglement measure (2) is (up to appropriate additive and multiplicative constants) basically given by the linear entropy S L (ρ 1 ) = 1 − T r(ρ 2 1 ) of the single-particle density matrix ρ 1 . Alternatively, one could consider an entanglement measure based upon the von Neumann entropy of the density matrix ρ 1 , given by S vN (ρ 1 ) = −T rρ 1 ln ρ 1 . This last measure is extremely difficult to evaluate analytically for systems with continuous variables. Even in the case of the Moshinsky model, which is the atomic model where entanglement has been studied more systematically [3, 4] , the entanglement measure based on the von Neumann entropy has been determined in an exact analytical way only for the ground state [9, 14] . It is highly unlikely that in systems with Coulomb interactions the entanglement measure based on the von Neumannn entropy can be calculated analytically. In these cases the (exact) analytical approach seems basically intractable. Entanglement measures based on the linear entropy have many computational advantages, both from the analytical and the numerical points of view. In particular, and in contrast with measures based on the von Neumann entropy, measures based on the linear entropy can be evaluated directly from ρ 1 , without the need of first determining ρ 1 's eigenvalues. They constitute a practical tool for assessing the amount of entanglement that has been applied to the study of a variety of systems (see [3] [4] [5] 31] and references therein).
An important property of the entanglement measure (2) is that correlations between the two particles that are solely due to the antisymmetry of the fermionic state do not contribute to the state's entanglement. In fact, the amount of entanglement exhibited by a two-fermion state is given, basically, by the quantum correlations that the state has beyond the minimum correlations required by the antisymmetric constraint on the fermionic wavefunction [31] [32] [33] [34] [35] [36] [37] [38] . Consequently, the entanglement of a pure state of two identical fermions that can be written as a single Slater determinant is zero.
We apply now the above measure to a pure state of a two-electron system. In order to analyze the entanglement of the eigenstates of spherium we have to consider states described by wavefunctions of the form,
with the total wavefunction factorized as the product of a coordinate wavefunction ψ(r 1 , r 2 ) and a spin wavefunction χ(σ 1 , σ 2 ). Here r 1 and r 2 stand for the vector positions of the two electrons. The density matrix corresponding to a wavefunction of the form (3) is given by
where the matrix elements of ρ (coord.) are
Even if we are going to investigate the entanglement features only of pure states of spherium, it is conceptually convenient to consider the corresponding density matrix (proyector) (4) in order to obtain from it the singleparticle reduced density matrix, in terms of which the entanglement measure to be used can be clearly formulated. For a state with a wavefunction of the form (3) (and a density matrix of the form (4)) the entanglement measure (2) reads,
where
is the single-particle reduced density matrix, and ρ are, respectively, the marginal density matrices obtained after tracing the matrices ρ (coord.) and ρ (spin) over the degrees of freedom of one of the two particles. It is clear that the entanglement between the two electrons described by (3) involves both the translational and the spin degrees of freedom of electrons.
To calculate the entanglement measure (6), it is necessary to consider separately the cases of a spin wavefunction corresponding to parallel spins or antiparallel spins. When spins are parallel (that is, when the coordinate wavefunction is antisymmetric and the spin wavefunction is either χ ++ or χ −− ), one has T r[(ρ (spin) ) 2 ] = 1, and the entanglement measure (6) of a two-electron state of the form (3) is
On the other hand, when the spins are anti-parallel (when the coordinate wavefunction is symmetric and the spin wavefunction is
, or alternatively, when the coordinate wavefunction is antisymmetric and the spin wavefunction is
, and the entanglement is
In equations (7) and (8) we have
for the matrix elements of the coordinate marginal matrix density.
In the above discussion we have considered twoelectron states that are separable with respect to the spin and spatial degrees of freedom. Moreover, among these states we only considered states where the spin parts of the wavefunction correspond to the standard singlet and triplet states. When studying two-electron systems with a Hamiltonian not depending on spin, and energy levels with no degeneracy arising from the spatial part of the Hamiltonian, it is standard and natural to focus on eigenstates of the above described forms. However, even in these cases the spin-independence of the Hamiltonian leads to degeneracy of the energy spectra, and to the existence of eigenstates with the spin part of the wavefunction different from the ones just mentioned. For instance, one can have as spin wavefunction a linear combination of the triplet states. The corresponding (global) eigenstate would have an amount of entanglement different from the ones given by equations (7) (8) . But the difference would be due solely to the spin part, and would not correspond to any specific feature of the particular twoelectron system under consideration. If the Hamiltonian includes spin-orbit interaction terms, coupling the spin and the spatial degrees of freedom, the situation becomes much more complex. The eigenstates would not, in general, have the spin and the spatial parts disentangled. In such cases both types of degrees of freedom need to be considered jointly in order to evaluate the entanglement between the two electrons constituting the system. These situations are outside the scope of the present work. The spherium Hamiltonian does not depend on spin, and we shall consider only s-states, where the spatial part of the wavefunction is symmetric, and the spin part is given by the singlet state.
As already mentioned, spherium consists of two identical particles ("electrons") interacting via a Coulomb potential and confined to the surface of a (d − 1)-sphere of radius R. The corresponding Hamiltonian, expressed in atomic units, reads,
where r 12 = |r 1 − r 2 | is the interelectronic distance (a brief review of some basic aspects of the spherium Hamiltonian is given in Appendix A). 1 S states (s-states) have a wavefunction Ψ(r 12 ) that depends only on the inter-electronic distance. The corresponding Schrödinger equation can be cast in the form,
where u = r 12 . As was recently proved by Loos and Gill in [1] , equation (11) admits closed analytical solutions for particular, discrete values of the radius R = R n,m . These exact eigenfunctions of the spherium system have a polynomial form,
where the coefficients s k,m ≡ s k,m (d) are determined by the recurrence relation For a given n, the energies are obtained by finding the roots of the equation s n+1,m = 0, which is a polynomial in E, of degree (n+1)/2. The corresponding radius R n,m is found through the relation
We see that the special R-values for which the s-states of spherium can be obtained in a closely analytical way arise from an expansion of the wavefunction in powers of r 12 that, for the mentioned R-values, becomes a finite polynomial (for a full discussion see [1, 2] and references therein). Of course, the spherium system is well defined for any value of R, and the corresponding Schrödinger equation can be solved numerically, leading to results that interpolate between those corresponding to the special R-values yielding analytical solutions.
The (unnormalized) wavefunction, radius and energy for the ground state (m = 0) and n = 1 are given by
where from now on we have denoted s k,0 ≡ s k . The parameters δ and γ are tabulated in Table I .
The (unnormalized) ground state wavefunctions for n = 2, 3 are the following,
where the coefficients s k ≡ s k,0 (d), obtained through the recurrence relation (13) , are analytically given in Appendix A for k = 1, 2, 3 and numerically shown in Table  II for d = 3 − 6. In order to compute the entanglement of the spherium's eigenstates (with m = 0) we are going to work with appropriately normalized eigenfunctions,
where N n = |Ψ n,0 | 2 dΩ 1 dΩ 2 . The wavefunctions ψ n,0 are now normalized to one over the surface of a hyper-sphere of radius R:
The analytical values of the constant N n are determined in the next section.
IV. ENTANGLEMENT IN (d − 1)-SPHERIUM
Let us now evaluate in an analytical way the entanglement for the wavefunctions ψ n,0 (r 12 ) of the (d − 1)-spherium as described in the two previous sections. For this purpose we need to calculate first the constant N n = |Ψ n,0 | 2 dΩ 1 dΩ 2 , and then the trace T r ρ
which is given by the following multidimensional definite integral
are area elements on the surface of a (d − 1)-hypersphere, and dΩ k are elements of hyperspherical angle, given by
in terms of the hyperspherical angular coordinates of the two particles {θ
. Atomic units will be used throughout the rest of the paper.
Here a comment concerning coordinates is in order. In Section II, when discussing general aspects of entanglement, the integrals involved in the calculation of entanglement were expressed in cartesian coordinates. However, in the particular case of spherium, it is clear that the most natural coordinates to employ are the hyper-spherical ones. Hence, as already indicated by the elements dΩ i appearing in (19) , in the present work we are going to formulate all the relevant integrals first in terms of hyper-spherical coordinates on the (d − 1)-sphere where the two electrons are confined. For technical reasons we are also going to define a new set of angular variables in order to actually compute the aforementioned integrals.
To solve some of the integrals appearing in the study of entanglement in spherium we shall apply the methodology recently developed by Ruiz [39] to deal with atomicrelated integrals. Let us first calculate the normalization constant N 1 of the ground state wavefunction Ψ 1,0 (r 12 ) given by eq. (15) ; that is,
where the symbols J k , k = 0, 1, 2, denote the integral functions
To evaluate these integrals we begin by doing a change of variables. Consider the triangle formed by the vectors r 1 , r 2 , and r 12 , where the last one stands for the relative vector position of particle 2 with respect to particle 1 (see Fig. 1 ). Following an idea originally advanced by Calais and Löwdin [40] , we rotate the coordinate frame used to define the angular spherical coordinates of the vector r 2 . The z axis of the new frame is the line joining the origin (which is the same as in the original frame) with particle 1, with the positive direction towards particle 1. The angular coordinates of r 2 in the new frame are now denoted {θ (12) 1 , ..., θ (12) d−2 , φ (12) } (see Figure 1 for a three dimensional illustration of this change of reference frame). The integration variables concerning particle 2 are then transformed as: θ
, and φ (2) → φ (12) . The volume element associated to electron 2 can then be re-cast as,
Moreover, we use the Cohl representation [41] for r p 12 in terms of the orthogonal Gegenbauer polynomials C α n (x):
, and Y n,{µ} denote the known hyperspherical harmonics, which have 
with α j = (d − j − 1)/2, and the normalization constant is
The symbols C α m (x) andC α m (x) denote the orthogonal and orthonormal Gegenbauer polynomials [45] of degree m and parameter α with respect to the weight function
Then, by using the expressions (22) and (24) as explained in detail in Appendix B, we obtain that the integrals J k , k = 0 − 2, are given by
and
respectively. Finally, these values together with eq. (21) allows us to write the normalization constant as
Replacing the analytical expressions for the spherium state ψ 1,0 (r 12 ), into the general expression for T r[(ρ 
For convenience and taking into account the symmetries of the integrand of (32), we rewrite this expression as
where the symbols I i , i = 1 − 4, denote the following integral functions:
I 4 ≡ r 12 r 12 r 1 2 r 1 2 dΩ 1 dΩ 2 dΩ 1 dΩ 2 .
These integrals have been analytically evaluated by means of the methodology described in Appendix B, obtaining the following values:
Then, taking into account (8) and (33) we obtain that the entanglement measure for the spherium state ψ 1,0 (r 12 ) is given by
The calculations required for evaluating the normalization constants N n and the integrals I i , i = 1 − 4 involved in the determination of the amount of entanglement of the spherium s-eigenstates ψ n,0 (r 12 ) with n ≥ 2 are similar to those for the state ψ 1,0 (r 12 ), following the lines indicated in Appendix B. In particular, the above explained analytical techniques can be readily applied to the n = 2 and n = 3 s-states, with the wavefunctions given by Eqs. (16)- (17) and Table II. The results obtained for the amount of entanglement exhibited by the (d − 1)-spherium (singlet) ground state are summarized in Table III and in Figures 3-6 . In Table  III we provide the amounts of entanglement and the energies corresponding to the ground state of (d−1)-spherium for various dimensionalities. The analytical procedure for calculating the entanglement of s-states of spherium has been checked by the numerical computation of entanglement for some of these states. It can be seen in Table III that, for a given dimensionality d, the amount of entanglement associated with the ground state of spherium increases with the radius R. This trend is akin with what has been recently observed in other two-electron models [5] ; see also the recent review [8] . In fact, we know from previous experience with two-electron systems that, for a constant strength of the interaction between the particles, entanglement tends to increase when the confinement becomes weaker. This behaviour has been observed in several systems, such as the Moshinsky model, the Hooke atom, the Crandall model, and the Helium iso-electronic series [5] . The connection between entanglement and confinement has also been detected in two-electron systems in a uniform magnetic field [4] . In these systems confinement decreases, and entanglement increases, when the intensity of the applied magnetic field becomes weaker. In spherium confinement decreases, and entanglement increases, for increasing values of the radius R. In Figure 2 we plotted, for d = 3 (that is, when the two electrons are confined to an ordinary two-dimensional sphere), the wavefunction ψ 10 (θ 1 , φ 1 , θ 2 , φ 2 ) as a function of the angular coordinates (θ 1 , φ 1 ) of one of the particles, keeping constant the values of the coordinates (θ 2 , φ 2 ) of the other particle (here we use the standard notation for the polar and azimuthal coordinates on a two dimensional sphere). Since the wavefunction is in this case real, we depict in Fig. 2 the wave function ψ 10 itself, not its squared modulus. In Fig. 2 we have θ 2 = 0; φ 2 = 0 (upper left) and θ 2 = (lower right). Figure 2 provides an illustration of the entangled character of the associated two-electron state. If it were a non-entangled state, it would be of the form
. We would have a factorizable spatial wavefunction (remember that the spatial parts of the wavefunctions corresponding to the states that we are considering are symmetric) and a singlet spin wavefunction. With a factorized spatial wavefunction the four graphics depicted in Figure 2 would be identical. All of them would correspond to Φ(θ 1 , φ 1 ). The differences between the four graphics in Figure 2 constitute a concrete pictorial illustration of the entanglement of the concomitant two-electron state.
The connection between entanglement and the radius R of the spherium system can be appreciated in Fig. 3 . In this Figure we plotted the amount of entanglement versus the radius of the confining sphere for several singlet states wavefunctions ψ n,0 (r 12 ) of the 2-dimensional (d = 3) spherium, with the integer parameter n (characterizing the radius' values R n,m leading to exact analytical solutions) adopting values n = 1, . . . , 6. We observe that entanglement grows with the radius. The dependence of entanglement on the spherium radius is, however, nonlinear. For small values of R (corresponding to small values of the parameter n) the rate of growth of entanglement with R is greater than for larger values of R. The monotonically increasing behaviour of entanglement with R illustrated in Fig. 3 corresponds to the particular case d = 3. However, the same trend is observed for other values of the spatial dimensionality d, as can be seen in Table III The observed decreasing rate of growth of entanglement with the spherium's radius R does not rule out the possibility that the (increasing) entanglement measure ξ tends to its maximum possible value (ξ = 1) in the limit R → ∞. Unfortunately, the case by case (exact) evaluation of the entanglement of each exactly solvable eigenstate of spherium does not allow us to analytically determine the aforementioned limit value. However, the behaviour of other two-electron systems suggests that entanglement in spherium does indeed approach its maximum value as R → ∞. In the d = 3 case the R → ∞ limit of spherium can be related to a limit case of the two dimensional Hooke atom. In the R → ∞ limit, as the radius of curvature of the confining sphere tends to zero, the Schrödinger equation describing spherium approaches that of two electrons moving in a two dimensional Euclidean plane. This suggests that the limit value of entanglement in d = 3 spherium should coincide with the limit value of entanglement in the two dimensional Hooke system when the confining potential becomes negligible compared with the electron-electron interaction potential. Results reported by Kościk and Hassanabadi in [18] provide numerical evidence that the entanglement of the two dimensional Hooke system tends to its maximum value in this limit. In Fig. 4 the ground state's entanglement is plotted against the spatial dimensionality d. We have computed the entanglement measure based on the linear entropy of the single particle reduced density matrix for spatial dimensionalities in the range 3 ≤ d ≤ 6, and for n = 1, 2, 3. We see that the range of possible values of entanglement, as well as the largest adopted value (for the above range of n-values) decreases with d.
It can be appreciated from Fig. 4 that, for given constant values of the integer parameter n determining the special radius R n,m for which spherium admits closed analytical solutions, the amount of entanglement exhibited by the ground state of spherium decreases monotonically with the spatial dimensionality.
We conjecture that entanglement behaves in this way for all values of the parameter n. In the particular case of n = 1, since we have an analytical expression for R 10 , we can obtain a closed analytical expression for the entanglement of the states ψ 10 for all values of the spatial dimension d. The corresponding behaviour of entanglement as a function of d is shown in Fig. 5 , where it can be seen that entanglement decreases with d. This trend might be related to a well-known, but counterintuitive, feature of multi-dimensional spheres: the surface area of a (d − 1)-hypersphere of radius 1 (that is, the total hyper-solid angle sphere dΩ) tends to zero as d → ∞ (for an interesting discussion on the physical implications of the geometry of hyperspheres see, for instance, [46] and references therein). The above can be construed as implying that, as far as the hyperspherical angular degrees of freedom are concerned, the particles constituting the spherium system can be regarded as becoming more confined as d increases. These geometrical considerations suggest a tentative explanation of the behaviour of entanglement with spatial dimensionality d in spherium: entanglement decreases with d, because an increasing spatial dimensionality tends to make the system more confined. Then, according to this explanation, the entanglement-dimensionality relation in spherium would be another instance of the entanglementconfinement relation observed in several two-electron systems [5] . These considerations have some plausibility in connection with the behaviour of entanglement with dimensionality for large values of d. However, a simple, direct connection between entanglement and the area of the unit hyper-sphere seems unlikely, since for n = 1 entanglement decreases monotonically with the spatial dimension for all d-values, while the surface area of a unit hyper-sphere does not behave monotonically with d: for moderately small values of d it first increases with d, reaching a maximum for d ≈ 7, and then decreases monotonically for all d. The decreasing behaviour of entanglement with spatial dimension in spherium might be related to the properties of other quantum mechanical models where the limit of high dimensionality leads to classical behaviour [47] .
The effect of space dimensionality on entanglement has also been studied in the Hooke atom by Kościk and Hassanabadi [18] .
These authors studied the behaviour of entanglement in the Hooke system for one, two, and three spatial dimensions. The dependence of entanglement on spatial dimension is not as clear in the Hooke atom as it is in spherium. Indeed, the dependence of entanglement with dimension in the Hooke system depends on the strength of the electron-electron interaction (as compared with the strength of the confining potential). This more complicated behaviour is probably due to the fact that in the Hooke atom the entanglement features of the system's eigenstates depend on both the radial and angular behaviours of the concomitant wavefunctions. In spherium, in contrast, the effective configuration space solely involves the angular variables. In Fig. 6 we depict the amount of entanglement against the energy of the singlet state for d = 3, 4, 5 and 6. We observe that entanglement of (d − 1)-dimensional spherium tends to increase with energy. A similar behaviour has been observed in other models, such as the Crandall and the Hooke ones [5] , as well as for the singlet states of the Helium atom employing highquality, state-of-the-art wavefunctions [12] (although for more general states of Helium the energy-entanglement connection seems to be much more complicated [28, 29] ).
Finally, let us comment on the excited states of the spherium. There are no excited states for the singlet wavefunction with n = 1 and n = 2. This is due to the fact that the equation allowing for the calculation of the energy for each n has only one root which correspond to m = 0. For n ≥ 3 the excited states begin to appear because the equation mentioned above has a degree equal or greater than 2. So e.g., for n = 3 there are two possible values for m = 0, 1, and therefore one exact analytical excited state can be obtained (corresponding to m = 1).
V. CONCLUSIONS
We have explored the entanglement related features of (d − 1)-spherium. This quantum system consists of two electrons interacting via a Coulomb potential and confined to the surface of a d-dimensional ball (that is, a (d − 1)-hypersphere) of radius R. This system is quasi-exactly solvable: its Schrödinger eigenvalue equation can be solved in a closed analytical fashion for particular values of the radius R and particular eigenstates. In the present contribution we computed in an exact analytical way the amount of entanglement (as measured by the linear entropy of the single-particle reduced density matrix) of the ground state of spherium, for several values of the radius R (corresponding to different values of the parameter n) and of the space dimension d. To the best of our knowledge this is the first two-electron system with Coulomb interaction for which exact entanglement calculations have been done. We investigated the dependence of entanglement on the radius R of the spherium system and on the spatial dimensionality d. The relation between entanglement and energy was also considered.
We have found that the amount of entanglement of the ground state of spherium increases with the radius R of the hypersphere where the particles are confined. This behaviour is consistent with a general property exhibited by other two-electron systems: entanglement tends to increase when, for a given value of the interaction strength, the confinement due to the external common fields acting on both particles decreases. For instance, in the helium isoelectronic series the entanglement of the ground state increases when one considers decreasing values of the nuclear charge Z [5, 12] . Likewise, in the three-dimensional Moshinsky model with a uniform magnetic field the entanglement of the ground state increases for decreasing values of the applied magnetic field [4] .
The results reported in the present work indicate that in spherium the amount of entanglement exhibited by the ground state decreases with the spatial dimensionality d, a behaviour that can also be related to the entanglement-confinement connection. In addition, we have observed that entanglement of spherium tends to increase with energy. This relation between entanglement and energy is similar to what is observed in other two-electron models, such as the Moshinsky system, the Hooke atom, and the Crandall model [5] .
We hope that the techniques developed in the present work may stimulate new analytical approaches to the study of entanglement in systems with Coulomb interactions. Any further developments in this direction will be very welcome. Here we are going to briefly review some basic aspects of the Hamiltonian describing the two-electron system spherium. For more details on spherium and the solutions of the concomitant Schrödinger equation see [1, 2] and references therein. Spherium consists of two electrons confined to a (d−1)-sphere (that is, the surface of a d-dimensional ball) and interacting via a Coulomb potential. The corresponding Schrödinger eigenvalue equation reads,
where R is the radius of the (d − 1)-sphere, r 12 is the distance between the two electrons (evaluated in the ddimensional euclidean space in which the (d − 1)-sphere is embedded), Ψ is the two-electron eigenfunction, E is the corresponding eigenenergy, and ∆ 
where ζ = {θ 2 , ..., θ d−2 , φ} denotes the set of all the angular coordinates on the (d − 1)-sphere except θ 1 , and ∆ ζ is the spherical Laplacian corresponding to a (d − 2)-sphere with hyper-spherical coordinates ζ = {θ 2 , ..., θ d−2 , φ}. That is, the operator ∆ ζ only involves derivatives with respect to the coordinates appearing in the set ζ. For instance, for d = 3 the spherical Laplacian adopts the well known form,
It is convenient to recast the Schrödinger equation (A1) in a dimensionless form, using atomic units. In order to do that we divide equation (A1) by the constant me 4 / 2 (which has dimensions of energy) obtaining,
where,R = me
Note that in its dimensionless form (A4) the Schrödinger equation for spherium only has one parameter, the dimensionless radiusR given by (A5). This parameter is a dimensionless quantity involving the parameter e 2 , measuring the strength of the interaction between the electrons, and the radius R of the confining sphere. When studying entanglement in spherium we investigate, among other things, its dependence on the dimensionless parameterR, which can be regarded as proportional to the quotient between the quantities e 2 (interaction strength) and 1/R (amount of confinement). In the rest of the present article, since we are going to deal exclusively with the dimensionless form (A4) of the spherium's Schrödinger equation, we are going to drop the upper "tilde" from R, r 12 and E (as in equation (10)).
In the case of s-states, the solutions of spherium's Schrödinger equation are functions of the inter-particle distance r 12 . That is, one has Ψ = Ψ(r 12 ), with r 12 = R 2(1 − cos α),
where cos α can be expressed in terms of the hyperspherical coordinates of the two electrons, cos α = cos θ 
1 sin θ
1 cos θ
2 cos θ 
1 · · · sin θ
d−2 cos φ (1) cos φ (2) .
+ sin θ
1 · · · sin θ 
For s-states the Schrödinger equation (A1) can be reexpressed in terms of the derivatives of the wavefunction with respect to the variable u = r 12 [1, 2] , 
where Re(λ) > −1/2 with λ = 0 and that C α 0 (x) = 1. Then, we obtain for the integral J 1 the following expression: 
